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Abstract

Numerical solution of nonlinear partial differential equations is central to contemporary applied mathematics,
underpinning models of fluid flow, nonlinear wave propagation, reaction—diffusion, and pattern formation. This
paper presents a comparative study of three principal classes of numerical method finite differences, finite
elements, and spectral methods applied to the viscous Burgers' equation as a prototype nonlinear problem.
Stability, convergence, and computational cost are analysed theoretically and illustrated numerically. The study
confirms the complementary strengths of the methods: finite differences offer simplicity and suitability for
structured grids; finite elements accommodate complex geometries with provable convergence theory; spectral
methods provide exponential convergence for smooth solutions on simple domains. The paper concludes with
guidance on method selection for contemporary scientific computing.

Keywords: Numerical PDE, Finite Difference, Finite Element, Spectral Method, Convergence, Burgers'
Equation.

1. INTRODUCTION

Nonlinear partial differential equations model a majority of physical phenomena of contemporary
scientific interest, from Navier—Stokes fluid dynamics to nonlinear Schrédinger waves, Korteweg—de Vries
solitons, Fisher—Kolmogorov—Petrovskii—Piskunov front propagation, Cahn—Hilliard phase field dynamics, and
reaction diffusion systems in biology.! Despite a rich theoretical apparatus Sobolev spaces, weak solutions,
entropy inequalities, viscosity solutions closed-form analytic solutions are rare outside special integrable cases.
Numerical methods are therefore the primary investigative tool across engineering, physics, biology, and finance.
Method selection is governed by problem geometry (regularity of the domain), regularity of the solution (smooth
versus discontinuous), required accuracy (several digits versus machine precision), computational budget, and
available software infrastructure.

Three dominant numerical frameworks have emerged over the twentieth century. The finite-difference
method, tracing to the work of Courant, Friedrichs, and Lewy in 1928, discretises derivatives by differences on a
structured grid. The finite-element method, pioneered in engineering practice by Turner, Clough, Martin, and
Topp in the 1950s and formalised mathematically by Ciarlet, Brezzi, and others in the 1970s, uses piecewise-
polynomial expansions on unstructured meshes. Spectral methods, developed systematically by Orszag and
collaborators in the 1970s, expand the solution in globally defined orthogonal basis functions.? Each approach has
a distinctive mathematical theory and a characteristic performance profile.

This paper compares the three frameworks with particular attention to convergence rates, stability
restrictions, and implementation complexity for nonlinear problems. We use the viscous Burgers' equation as a
canonical test problem combining nonlinear convection and diffusion, and illustrate relative performance on
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smooth and sharply-gradient regimes. The paper is organised as follows. Section 2 describes the prototype
problem and its mathematical properties. Sections 3-5 review the three numerical frameworks. Section 6 presents
the comparative analysis, Section 7 discusses time-stepping and parallel aspects, and Section 8 concludes.

2. PROBLEM FORMULATION

The one-dimensional viscous Burgers' equation:
Ug + uuy = vu, ()]

on the domain [a,b] with appropriate initial and boundary conditions provides a nontrivial benchmark
that combines features of hyperbolic conservation laws with parabolic diffusion. For small v the solution develops
sharp gradients characteristic of shocks, challenging the resolution of the numerical scheme. The Cole—Hopf
transformation u = —2v d,(In @) reduces the Burgers' equation to the linear heat equation for ¢, providing an
exact reference solution for code verification.®#

The Burgers' equation shares fundamental mathematical structure with the Navier—Stokes equations
nonlinear convection balanced by viscous diffusion while remaining tractable enough to enable detailed analysis.
The inviscid limit (v — 0) exhibits shock formation in finite time from smooth initial data, with entropy conditions
singling out the physically correct weak solution. For v > 0, the solution is smooth for all time but develops internal
layers of width O(v) near shocks, requiring adequate spatial resolution to capture without spurious oscillations.
Figure 1 shows the evolution of a Gaussian initial pulse under the viscous flow.

Beyond Burgers', related nonlinear PDE benchmarks include the KdV equation (soliton propagation),
the Kuramoto-Sivashinsky equation (spatiotemporal chaos with dispersion and diffusion), the Allen—-Cahn
equation (phase field dynamics with sharp interfaces), the nonlinear Schrédinger equation (optical pulse
propagation and Bose—Einstein condensates), and the Fisher—KPP equation (travelling-wave fronts in population
biology). Each presents distinct numerical challenges preservation of conservation laws, long-time stability,
capture of multi-scale structure that illuminate different aspects of numerical method performance.

Fig 1: Evolution of a Gaussian pulse under the viscous Burgers' equation (v = 0.02), exhibiting steepening
followed by viscous regularisation®.
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3. FINITE-DIFFERENCE METHODS

Classical finite-difference schemes approximate derivatives by discrete differences on a structured mesh.
Taylor expansion about a grid point yields formulas such as the second-order central difference:

w () = S 2)
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the second derivative:
. _2 . i
u"(Xj) ~ Yj+1 hl;]+u] 1 (3)
and higher-order counterparts. For convection-dominated problems, upwind differencing biases the
stencil toward the direction of characteristic propagation, introducing dissipation that stabilises the scheme at the
cost of artificial viscosity.

For Burgers' equation :
Up + Uy = VUy, 4)
the standard explicit upwind scheme combines a second-order central difference for the diffusion with
an upwinded approximation of the convective derivative, producing the update:

n n n n n
n+l _ on () o @ 2uy4uy )
utt = uj At[ u; - |4 2

®)

Stability of explicit schemes is governed by the Courant—Friedrichs—Lewy (CFL) condition, which for

this formulation requires:
. hk h?
At < min (m,;) (6)
near shocks where |u,| becomes large, these restrictions can become severe.’ Implicit schemes
(backward Euler, Crank—Nicolson) allow larger stable time steps at the cost of solving algebraic systems at each
step.

Higher-order schemes achieve better resolution per grid point. Lax—Wendroff schemes obtain second-
order accuracy in both space and time via Taylor-series matching. Essentially non-oscillatory (ENO) and weighted
ENO (WENO) schemes adaptively select stencils to avoid crossing discontinuities, attaining formal third- or fifth-
order accuracy in smooth regions while controlling oscillations near discontinuities.® Compact finite-difference
schemes (Padé-type) achieve spectral-like resolution by solving tridiagonal systems for the derivative values,
providing sixth-order accuracy with the computational complexity of lower-order schemes. Slope-limited
MUSCL (Monotone Upstream-centered Schemes for Conservation Laws) and total-variation-diminishing (TVD)
schemes provide robust shock capture for conservation laws while preserving conservation, monotonicity, and
discrete maximum principles. These developments have established finite-difference methods as the workhorse
of computational fluid dynamics, geophysical modelling, and large-scale direct numerical simulation of
turbulence, with codes such as NEK5000, SPECFEM, and PENCIL routinely deploying them n structured grids
at exascale.

4. FINITE-ELEMENT METHODS

The finite-element method (FEM) partitions the domain into simplices (triangles in 2D, tetrahedra in 3D)
or more general cells, and represents the solution as a piecewise-polynomial expansion:

G0 = ) O ™
)

where the basis functions {¢j}are typically continuous piecewise polynomials of degree k supported on
a few adjacent elements (nodal or hierarchical basis). The weak formulation of Burgers' equation, obtained by
multiplying by a test function v and integrating by parts, seeks u € V such that :

(0w, v) + (Wuy,v) +v(uy, vy) =0 (8)

forall v e V, where V is an appropriate Sobolev space. The Galerkin projection onto a finite-dimensional
subspace Vi, produces a nonlinear system of ordinary differential equations in the nodal coefficients after time-
discretisation, typically solved by Newton—Krylov methods with preconditioners tailored to the discretised
operator.

The theoretical foundation of FEM is Céa's lemma (for symmetric problems) or the inf-sup (Babuska—
Brezzi) condition (for saddle-point problems such as Stokes flow or mixed formulations), combined with the
Bramble—Hilbert lemma which provides interpolation estimates of the form:

llu = Thullgs < Ch***=S|fullyress 9)
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for sufficiently smooth u. A priori error bounds for Galerkin approximations then take the form :
llu = uplly: < Ch* (10)

where k is the polynomial degree’. For convection-dominated regimes, streamline-upwind Petrov—
Galerkin (SUPG) and Galerkin-least-squares (GLS) stabilisations add element-wise residual terms to suppress
spurious oscillations without compromising optimal convergence rates.

FEM adapts naturally to complex geometries and local mesh refinement. Adaptive finite-element
methods (AFEM) with a posteriori error estimation residual-based, recovery-based, hierarchical, or dual-weighted
dynamically refine the mesh where errors are large and coarsen where they are small, yielding quasi-optimal
complexity.® The hp-finite-element method combines mesh refinement (h-adaptivity) with local polynomial-
degree variation (p-adaptivity), achieving exponential convergence on problems with isolated singularities.
Discontinuous Galerkin (DG) methods drop inter-element continuity in favour of numerical fluxes matching
discontinuity-preserving stencils from finite-volume methods, combining high-order accuracy with shock-
capturing robustness; DG has become prominent in electromagnetics, compressible flow, and seismic wave
propagation. Modern FEM implementations FEnICS, Firedrake, deal.ll, Nektar++ support arbitrary order
elements, mixed elements, hp-adaptivity, and parallel solvers, making FEM the dominant framework in structural
engineering and multi-physics simulation.

5. SPECTRAL METHODS

Spectral methods expand the solution as:
Un(x ) = Zioq ax(O i) (11)

In globally defined basis functions: Fourier series for periodic domains, Chebyshev or Legendre
polynomials for bounded intervals on [—1,1]. The Gauss—Lobatto collocation nodes associated with these bases
provide quadrature rules of very high precision, enabling efficient computation of inner products and nonlinear
products. For smooth solutions the truncation error of a spectral expansion decays faster than any algebraic order
exponentially in N for analytic solutions a property termed spectral or exponential convergence.® This property
makes spectral methods the preferred choice for simulations where many digits of accuracy are required, or where
scale separation over many decades demands efficient capture of small-scale features with modest resolution.

Spectral methods operate in either the Galerkin or the collocation framework. In the Galerkin approach,
expansion coefficients are determined from projection conditions; for nonlinear terms, products in physical space
correspond to convolutions in spectral space, which are computed efficiently by transforming to physical space
(pseudospectral evaluation). The fast Fourier transform reduces this operation to O(N log N) per evaluation. The
‘aliasing error' arising from incomplete quadrature of nonlinear products can be controlled by the 2/3 de-aliasing
rule or by adding spectral viscosity. Galerkin methods preserve conservation properties exactly when the bilinear
form is symmetric; collocation is algorithmically simpler but may not exactly conserve invariants.

Spectral methods are restricted by the geometric complexity of the basis; for nontrivial geometries, hybrid
spectral-element methods (SEM) combine global high-order expansions within each element with C° continuity
across elements, providing geometric flexibility at the cost of some spectral convergence rate.'® SEM has been
applied widely in ocean modelling, seismic wave propagation, and direct numerical simulation of turbulence in
complex geometries, with codes such as Nek5000 and SPECFEM3D scaling to tens of thousands of processors.
The discontinuous Galerkin spectral-element method combines DG fluxes with SEM volume integration,
providing a flexible high-order framework for nonlinear conservation laws.

6. COMPARATIVE ANALYSIS

Figure 2 shows the L2 error as a function of mesh size for each method applied to a smooth reference
solution of the Burgers' equation. The finite-difference and finite-element schemes exhibit algebraic convergence
of order p in h, while the spectral method exhibits exponential convergence until arithmetic precision is reached.
This qualitative difference is dramatic in practice: for engineering accuracy (three to five digits), finite-difference
and finite-element methods are typically competitive with or superior to spectral methods given their geometric
flexibility; but for research-grade simulations demanding six to twelve digits, the spectral method's exponential
convergence is decisive.

Method selection depends on several application characteristics. For regular rectangular domains with
smooth solutions such as high-accuracy direct numerical simulation of isotropic turbulence in a periodic box
spectral methods provide unmatched efficiency. For engineering domains with complex boundaries, non-smooth
solutions, or coupled multi-physics (fluid structure interaction, electromagnetics with material interfaces,
biomechanics) finite-element methods are preferred for their flexibility and mature software stack. For simulations
on structured grids where shock capture is critical compressible fluid dynamics, seismic wave propagation,
magnetohydrodynamics high-order finite-difference methods (WENO, compact differencing) balance accuracy
with efficiency.
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Table 1 summarises the principal characteristics across three axes of comparison: geometric flexibility,
convergence rate, and nonlinear-term treatment. Beyond these three classical methods, contemporary practice
increasingly uses hybrid approaches spectral elements, discontinuous Galerkin, hp-adaptive finite elements, mesh-
free radial basis functions, and boundary-integral methods that combine features of multiple frameworks to
address specific problem classes. Error estimation, grid adaptation, and multi-scale coupling have all matured into
systematic components of modern PDE computation, supported by open-source libraries and well-documented
benchmarks against which new methods can be evaluated.

Fig 2: L2 error versus mesh size h for a smooth reference solution. The spectral method's exponential
convergence is evident at moderate N.%10
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Table 1. Comparative properties of the three numerical frameworks. 572

Property Finite difference Finite element Spectral
Geometric flexibility | Structured grids only Arbitrary domains Simple
domains only
Convergence (smooth Algebraic (order p) Algebraic (order k) Exponential
u)
Nonlinear terms Direct point-wise Quadrature on elements Pseudospectral
eval. via FFT
Shock capturing ENO/WENO Stabilised + AMR Spectral
extensions Viscosity
Memory complexity O(N) O(N) O(N log N)
Typical domains Fluids, seismics Structural, multi-physics Turbulence,
astrophysics

7. TIME-STEPPING, LINEAR SOLVERS, AND PARALLELISM

Time-discretisation is central to unsteady nonlinear PDE simulation. Explicit Runge—Kutta schemes
(classical fourth-order RK4, strong-stability-preserving SSPRK3) offer ease of implementation and good accuracy
for advection-dominated regimes, at the cost of CFL-constrained time steps. Implicit schemes (backward Euler,
Crank-Nicolson, BDF2-6, DIRK) permit larger steps for stiff diffusive problems, requiring the solution of
algebraic systems per step. Implicit—explicit (IMEX) schemes combine explicit treatment of nonlinear convection
with implicit treatment of diffusion, capturing the principal stiff behaviour efficiently.

Linear-system solution for implicit schemes dominates the computational cost of large-scale simulations.
Sparse direct methods (MUMPS, UMFPACK, PARDISO) work well for moderate 2D problems; iterative Krylov
methods (GMRES, BiCGStab, CG for symmetric problems) with algebraic or geometric multigrid preconditioners
scale to problems with hundreds of millions of unknowns. For nonlinear problems Newton—Krylov methods with
matrix-free Jacobian—vector products avoid explicit Jacobian assembly. The Fast Multipole Method and
hierarchical matrix (H-matrix) representations provide near-linear complexity for boundary-integral formulations
and kernel-based methods.
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Parallel computing has become inseparable from large-scale PDE simulation. Domain decomposition
(Schwarz, balanced partitioning), shared-memory multi-threading, and GPU acceleration are widely supported,;
finite-difference and spectral-element codes routinely run on exascale platforms. The recent emergence of
physics-informed neural networks (PINNs) and operator-learning methods (Fourier neural operators, DeepONets)
suggests complementary data-driven routes, particularly for high-dimensional parameter spaces and inverse
problems, though rigorous convergence and error analysis for these approaches remains an active research area.

8. CONCLUSION

The three classical numerical frameworks remain complementary. Finite differences dominate where
structured grids and efficient implementations are priorities particularly geophysical modelling, atmospheric
simulation, and structured-grid turbulence direct numerical simulation. Finite elements remain the standard in
engineering for geometric complexity and rigorous error analysis, underpinning essentially all structural-
mechanics and multi-physics simulation software. Spectral methods are the tool of choice for smooth-solution
simulations demanding the highest attainable accuracy, notably in turbulence theory, astrophysics, and climate
modelling. Modern large-scale simulations increasingly use hybrid approaches spectral-element, discontinuous
Galerkin, mesh-free methods, and physics-informed machine learning that combine the strengths of multiple
frameworks.'! The field continues to advance on three fronts: algorithmic innovation reducing asymptotic
complexity, implementation engineering for emerging heterogeneous computing platforms, and integration of
classical numerics with data-driven learning approaches. Together these developments will sustain numerical PDE
as a central tool of applied mathematics through the coming decade.
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